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We investigate the various distributions explaining multi-dimensional structure of kaon at the level
of its constituents (u and s¯) using the light-cone quark model. The overlap form of wavefunctions
associated with the light-cone quark model is adopted for the calculations. The generalized parton
distributions(GPDs)of u and s¯ quarks are presented for the case when the momentum transfer in
the longitudinal direction is non-zero. The dependence of kaon GPDs is studied in terms of variation
of quark longitudinal momentum fraction, momentum transfer in longitudinal direction and total
momentum transfer to the final state of hadron. The transverse impact-parameter dependent GPDs
are also studied by taking the Fourier transformation of general GPDs. Further, the quantum phase-
space distributions; Wigner distributions are studied for the case of unpolarized, longitudinally-
polarized and transversely-polarized parton in an unpolarized kaon. The Wigner distributions are
analysed in the transverse impact-parameter plane, the transverse momentum plane and the mixed
plane. Further, to get a complete picture of kaon in terms of its valence quarks, the variation
of longitudinal momentum fraction carried by quark and antiquark in the generalized transverse
momentum-dependent parton distributions (GTMDs) is studied for different values of transverse
quark and antiquark momentum (k⊥) as well as for different values of momentum transferred to
the kaon in transverse direction (∆⊥). This has been done for zero as well as non-zero skewedness
representing respectively the absence and presence of momentum transfer to the final state of kaon
in longitudinal direction. Furthermore, the possible spin-orbit correlation for u and s¯ in kaon is
elaborated in context of Wigner distributions and GTMDs.
I. INTRODUCTION
Quantum Chromodynamics (QCD) which is a part of
Standard Model (SM) describes the formation of hadron
by including the strong interrelation between quarks, an-
tiquarks and gluons. The hadron structure cannot be de-
rived directly from the structure functions and the non-
perturbative effects of QCD are the key to understand
the complex internal structure of hadron. This can be
attempted through probing where, by knowing the na-
ture of scattering reaction, one can extract the detailed
information about the structure. The probe chosen for
the interaction with the hadron is a point-like particle
such as lepton. The parton distribution functions (PDFs)
[1, 2] and the form factors (FFs) [3–6] are the basic ingre-
dients to understand the internal hadron structure. The
extended information on the internal structure can be
explained through the generalized parton distributions
(GPDs) [7–9] and the transverse momentum-dependent
parton distributions (TMDs) [12, 13]: the techniques to
understand the three-dimensional picture of hadron. The
GPDs depend on three variables namely, (a) quark lon-
gitudinal momentum fraction x, (b) momentum trans-
fer in longitudinal direction ζ and (c) total momentum
transfer to the final state of hadron t = ∆2. In general,
GPDs are responsible in unravelling the longitudinal and
transverse distribution of partons inside the hadron. The
Fourier transformation of GPDs provide us the impact-
parameter dependent GPDs carrying the information in
terms of transverse distance from the center of hadron.
The impact-parameter dependent GPDs (IPDGPD) in
the presence of transverse momentum in longitudinal di-
rection have been effectively discussed [14]. In the ab-
sence of longitudinal momentum transfer i.e. ζ = 0, the
impact-parameter dependent GPDs(x,b⊥) end up with
a probabilistic interpretation of parton’s density in the
fast moving hadron, where b⊥ is the transverse impact-
parameter distance [15]. Further, since the GPDs are un-
able to explain the parton distributions in terms of trans-
verse momentum carried by valence parton, the TMDs
can be defined as they provide the information of parton
distributions in terms of parton’s transverse momentum
(k⊥).
FFs enter into the elastic processes to explain the non-
perturbative dynamics of partons in terms of photon vir-
tuality. However, the possibility of occurrence of inelastic
scattering processes become more as compared to elastic
scattering at high photon virtuality. The deep inelastic
scattering (DIS) [16] is helpful in the interpretation of
PDFs which explicate the probability of locating the par-
ton carrying the longitudinal momentum fraction x inside
the hadron. The GPDs explain through various exclu-
sive processes, the presence of the recoil momentum ∆⊥
as the hadron has different initial and final state. Such
processes are named as deeply virtual Compton scatter-
ing (DVCS) [17–22] and hard exclusive meson production
(HEMP) [23–25]. If the final state has the unpolarized
meson with zero spin, one needs to measure the longi-
tudinal cross-section [9]. Further, the TMDs which are
compatible in explaining the distribution of partons in
transverse momentum space are accessible through semi-
inclusive deep inelastic scattering (SIDIS) and Drell-Yan
(DY) processes [26–30]. The three-dimensional GPDs
are the unification of FFs and PDFs for ζ = 0. The x-
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2integration of the GPDs leads to the FFs which conceal
the location of partons in transverse direction. Whereas
in the forward limit, ∆⊥ = 0, GPDs produce PDFs.
The quantum phase-space distributions i.e. Wigner
distributions [31, 32] are explained as the position and
momentum space distributions of partons in fast mov-
ing hadron. Being limited to the five-dimensional quasi-
probabilistic, Wigner distributions interpret in terms of
probabilistic quantities i.e. impact-parameter depen-
dent distributions (IPDs) and TMDs. Furthermore, the
Fourier transformation of the Wigner distributions are
related to generalized transverse momentum-dependent
distributions of partons (GTMDs) [33, 34] for ζ = 0.
Generally, GTMDs are named as mother distributions
because GPDs and TMDs can be derived by applying
certain integrations and limits. The quark GTMDs in
a hadron can be measured through the exclusive double
Drell-Yan process where two photons are observed in the
final state along with the hadron. The quark GTMDs
have been extracted for the case of nucleon by consid-
ering all possible helicities of hadrons and photons [35].
The quark GTMDs can be extracted from the scattering
amplitude for the process where the dominating contri-
bution is taken for the transversely polarized photons.
The measured quark GTMDs lie in ERBL region i.e.
−ζ < x < ζ. The Wigner distributions and GTMDs
are also important in calculating the spin-orbital angu-
lar momentum (spin-OAM) and spin-spin correlations.
In addition to this, quark orbital angular momentum is
related to the phase-space average of the Wigner distri-
butions.
The probabilistic distributions i.e. GPDs and TMDs
have been studied widely in sense of theories and exper-
iments. The various models which remain successful in
explaining the GPDs, both for nucleon and pion are the
MIT bag model [36], the constituent quark model with
non-relativistic approach [37, 38] as well as with relativis-
tic approach [39, 40], meson cloud model [41], light-front
quark-diquark model [42], AdS/ QCD inspired light-cone
model [43, 44] using Bethe-Salpeter approach [45, 46].
The GPDs in transverse impact-parameter space have
also been studied widely [47–51]. Recently, the unified
Wigner distributions have been evaluated extensively us-
ing various models by considering different polarization
configurations of quarks and gluons in the case of spin− 12
hadron [52–58]. Further, using these distributions, the
spin-spin and spin-OAM correlations have also been stud-
ied [59, 60]. Recently, for pion, the Wigner distributions
have been successfully investigated [61]. Alongwith the
Wigner distributions, the GTMDs have also been studied
for the spin− 12 as well as spin−0 hadrons.
In light of the studies done for the case of pion, we
move a step forward to study the internal structure of
kaon in context of its valence partons by adopting the
motivation towards the spin-0 hadron structure [33, 62].
It is important to mention here that even though kaon is
a spin−0 hadron, it is different from pion in terms of its
constituents that have unequal quark masses (one is light
u and other is heavy quark s¯). Further, the dynamics of
valence partons in a spin-0 meson system are easier to de-
termine as compared to the spin− 12 baryon system as the
mesons are composed of a quark-antiquark pair. How-
ever, the experiments are more focused on the internal
structure of the lowest lying pion and nucleon and there is
no experimental data available for the case of kaon. How-
ever, the kaon sea quark distributions can induced by in-
cluding one charged kaon on an isoscalar target [63]. The
kaon-nucleus Drell-Yan process demands several combi-
nations of valence and sea quarks. The combination of
differently charged kaons incident on isoscalar-target per-
mits one to evaluate valence-valence interactions sepa-
rately. In other words, the linear combinations of cross-
sections induced by K+ and K− lead to valence-valence
term while the interaction of K+ with deuteron give the
sea-valence and sea-sea interaction terms.
One of the important model which can be used to inves-
tigate the kaon at the level of its constituents is the light-
cone QCD inspired model. The light-cone framework [64]
provides a suitable environment for the description of
hadron’s internal structure when it moves relativistically
[65, 66]. The light-cone inspired quark model has been
applied to successfully calculate the electromagnetic form
factors and compare them with the experimental data
[67]. The mesonic light-cone Fock state wavefunctions are
expanded as |M〉 = ∑ |qq¯〉ψqq¯ +∑ |qq¯g〉ψqq¯g + ..., where
we choose the minimal Fock state description i.e. quark-
antiquark state, because we study the leading-twist dis-
tributions [68].
In this work, we study the various distributions of u
quark as well as s¯ quark in kaon using the light-cone
quark model (LCQM). We have used the overlap repre-
sentation of the light-cone wavefunctions. While evalu-
ating the u quark distribution, the other quark, i.e. s¯
quark is considered as a spectator and vice versa. First
of all, we discuss the generalized distributions of quark
and antiquark in kaon for ζ 6= 0. We also discuss
the GPDs in transverse position space, i.e. transverse
impact-parameter GPDs for the case when momentum
transfer in longitudinal direction is non zero ζ 6= 0. We
also study the case when the momentum transfer in lon-
gitudinal direction is zero ζ = 0. We discuss the Wigner
distributions with the quark and antiquark having differ-
ent polarizations in the kaon. We take the case where
kaon however remains unpolarized throughout the cal-
culations. We further explain the kaon GTMDs for the
case of ζ = 0 as well as ζ 6= 0. In context of the Wigner
distributions and GTMDs, the spin-orbit correlation of
u quark and s¯ quark in kaon has also been studied.
The paper is arranged as follows. We provide the de-
tailed description about the general framework of light-
cone quark model and the associated wavefunctions with
it in Section II. In Section III, generalized distributions of
3quark and antiquark in kaon are presented for ζ 6= 0 de-
scribing the three-dimensional picture of kaon. Further,
the impact-parameter dependent GPDs for non-zero
skewedness are evaluated by taking the Fourier trans-
formation from the momentum transferred to impact-
parameter distance in Section-IV. We present the defini-
tions of Wigner distributions in terms of polarization con-
figurations and the calculations for Wigner distributions,
the phase-space distribution describing five-dimensional
picture of kaon for both u quark and s¯ quark in Section
V. We present the results in transverse impact-parameter
plane, transverse momentum-plane, and in mixed space.
In Section VI, GTMDs, the mother distributions of va-
lence partons in kaon are discussed for ζ = 0 as well
as ζ 6= 0. The possible spin-orbit correlation for u and
s¯ quarks in kaon are calculated, plotted and discussed
in Section VII. At the end, we summarize the results in
Section VIII.
II. LIGHT-CONE QUARK MODEL
General framework
If the light-cone momentum fractions and relative mo-
mentum co-ordinates of the hadronic constituents are de-
noted by xi = k
+
i /P
+ and k⊥i, then the light-cone Fock
state expansion of hadronic eigenstate |M(P+,P⊥, Sz)〉
in terms of its constituent eigenstates |n〉 is defined as
[68, 69]
|M(P+,P⊥, Sz)〉 =
∑
n,λi
∫ n∏
i=1
dxid
2k⊥i√
xi 16pi3
16pi3
δ
(
1−
n∑
i=1
xi
)
δ(2)
( n∑
i=1
k⊥i
)
|n;xiP+
xiP⊥ + k⊥i, λi〉ψλin/M (xi,k⊥i),
(1)
where
ki =
[
xiP
+,
(xiP⊥ + k⊥i)2 +m2i
xiP+
, xiP⊥ + k⊥i
]
. (2)
Here mi are the masses of i number of constituents of
hadron and λi is the helicity of ith constituent. In Eq.
(1), xiP⊥ + k⊥i = p⊥i is the physical transverse mo-
menta term and ψn/M gives the probability amplitudes
for finding the on-shell mass constituents of meson [70].
The n-particle Fock states |pi,p⊥i〉 are normalized as fol-
lows
〈n; p′+i ,p′⊥i, λ′i|n; p+i ,p⊥i, λi〉 =
n∏
i=1
16pi3p+i δ(p
′+
i − p+i )
δ(2)(p′⊥i − p⊥i)δλ′iλi .
(3)
We use the frame where the general four-vector A =
[A+, A−,A⊥] components are described as
A± = A0±A3, A⊥ = (A1, A2) and A2 = A+A−−A2⊥.
We choose a symmetric light-cone frame for the calcu-
lations with ∆ → −∆ symmetry. The initial and final
four-momenta of meson in symmetric frame are taken as
[68, 69]
P ′ =
[
(1 + ζ)P+,
M2 + ∆2⊥/4
(1 + ζ)P+
,
∆⊥
2
]
, (4)
P ′′ =
[
(1− ζ)P+, M
2 + ∆2⊥/4
(1− ζ)P+ ,−
∆⊥
2
]
, (5)
respectively.
The average four-vector momentum of meson Pµ =
(P ′+P ′′)µ
2 and four-vector momentum transfer from the
meson ∆µ = P ′µ − P ′′µ are given as
P =
[
P+,
M2 + ∆2/4
(1− ζ2)P+ ,0⊥
]
, (6)
∆ =
[
2ζP+,−ζ∆
2
⊥ + 4ζM
2
2(1− ζ2)P+ ,∆⊥
]
, (7)
where ζ = − ∆+2P+ is skewedness and M is defined as the
meson mass.
Light-cone wavefunctions for kaon
The two-particle Fock state expansion in Eq. (1) for
meson (n = 2) can be reduced to
|M(P, S)〉 =
∑
λ1,λ2
∫
dxd2k⊥√
x(1− x)16pi3 |x,k⊥, λ1, λ2〉
ψλ1,λ2Sz (x,k⊥). (8)
Here λ1 and λ2 describe the helicities of quark and anti-
quark in meson respectively.
Since kaon is a pseudoscalar particle with S = 0, the
light-cone wavefunctions ψλ1,λ2Sz (x,k⊥) in Eq. (8) can be
defined for different combinations of helicities of quark
and spectator antiquark in kaon as [68]
ψ↑,↑0 (x,k⊥) = −
1√
2
k1 − ik2√
k2⊥ + l2
ϕ(x,k⊥),
ψ↑,↓0 (x,k⊥) =
1√
2
(1− x)m1 + xm2√
k2⊥ + l2
ϕ(x,k⊥),
ψ↓,↑0 (x,k⊥) = −
1√
2
(1− x)m1 + xm2√
k2⊥ + l2
ϕ(x,k⊥),
ψ↓,↓0 (x,k⊥) = −
1√
2
k1 + ik2√
k2⊥ + l2
ϕ(x,k⊥), (9)
with
l2 = (1− x)m21 + xm22 − x(1− x)(m1 −m2)2. (10)
4The positive (negative) helicity of the quark and the an-
tiquark spectator is denoted by ↑ (↓). Here, the longitu-
dinal momentum fraction of quark and the quark trans-
verse momentum are denoted by x and k⊥ respectively.
On the other hand, for antiquark spectator, these terms
are described by (1− x) and −k⊥ respectively.
The momentum-space wavefunction ϕ(x,k⊥) in Eq.
(9) is described using the Brodsky-Huang-Lepage method
[67]. We have
ϕ(x,k⊥) = A exp
[
−
k2⊥+m
2
1
x +
k2⊥+m
2
2
1−x
8β2
− (m
2
1 −m22)2
8β2
(
k2⊥+m
2
1
x +
k2⊥+m
2
2
1−x
)], (11)
where the parameters β and A are defined as harmonic
scale and normalization constant respectively. Here m1
and m2 represent the mass of u quark and s¯ quark in
kaon respectively. The numerical values of parameters
used for the calculations are as follows:
m1 = 0.25 GeV , m2 = 0.5 GeV (with the u quark on-
shell), β = 0.393 GeV and A = 74.2.
III. GENERALIZED QUARK AND ANTIQUARK
DISTRIBUTIONS FOR KAON (GPDS)
The GPDs are evaluated using the overlap form of
wavefunctions in light-cone quark model (LCQM). To
carry out with the distributions, the support interval
−1 < x < 1 is divided into three regions: (i) ERBL
region −ζ < x < ζ where both quark-antiquark pairs are
involved, (ii) DGLAP region ζ < x < 1 for the distri-
butions of quark and (iii) DGLAP region −1 < x < −ζ
for the distributions of antiquark. In this work, we have
focused on the DGLAP regions for evaluating the dis-
tributions of quark and antiquark. In these regions, the
conserved number of particle leads to n→ n overlaps of
diagonal elements. For the case of kaon we have n = 2
and since it is a spin−0 particle, the number of GPDs are
less as compared to the higher spin particles. The asso-
ciated GPD for kaon, defined via the off-diagonal matrix
elements of the bilocal field operator, is expressed as [9]
HK(x, ζ, t) =
1
2
∫
dz−
2pi
eixP
+z−
〈
M(P ′)
∣∣∣∣q¯(− z2
)
γ+q
(
z
2
)∣∣∣∣M(P )〉
∣∣∣∣∣
z+=0,z⊥=0⊥
. (12)
The overlap form of wavefunctions for kaon GPD is
achieved by operating the quark field operators on the
specific state of the kaon. The 2 → 2 overlaps of wave-
functions for H(x, ζ, t) are given as
HK(x, ζ, t) =
∫
d2k⊥
16pi3
[
ψ∗↑,↑0 (x
′′, k′′)ψ↑,↑0 (x
′, k′) + ψ∗↑,↓0 (x
′′, k′′)ψ↑,↓0 (x
′, k′)
+ψ∗↓,↑0 (x
′′, k′′)ψ↓,↑0 (x
′, k′) + ψ∗↓,↓0 (x
′′, k′′)ψ↓,↓0 (x
′, k′)
]
, (13)
with the initial and final momenta (k′⊥ and k
′′
⊥) and lon-
gitudinal momentum fractions (x′1 and x
′′
1) carried by
struck quark in symmetric frame in DGLAP domains
ζ < x < 1 and −1 < x < −ζ are given as
k′⊥ = k⊥1 + (1− x′1)
∆⊥
2
; x′1 =
x1 + ζ
1 + ζ
, (14)
and k′′⊥ = k⊥1 − (1− x′′1)
∆⊥
2
; x′′1 =
x1 − ζ
1− ζ . (15)
For the spectator, which is an antiquark here, the initial
and final states of momenta and corresponding longitu-
dinal momentum fractions are given as
k′⊥s = k⊥2 − x′2
∆⊥
2
; x′2 =
x2
1 + ζ
, (16)
and k′′⊥s = k⊥2 + x
′′
2
∆⊥
2
; x′′2 =
x2
1− ζ . (17)
It would be important to mention here that for the struck
quark, the momentum and longitudinal momentum frac-
tion are taken to be k⊥1 = k⊥ and x1 = x respectively.
However, for the antiquark spectator, the respective pa-
rameters are k⊥2 = −k⊥ and x2 = 1− x.
The required conditions which should be satisfied for
5initial and final states are
2∑
i=1
x′i = 1, and
2∑
i=1
x′′i = 1, (18)
2∑
i=1
k′⊥i = 0⊥, and
2∑
i=1
k′′⊥i = 0⊥. (19)
The antiquark GPDs are defined from quark GPDs as
[9]
Hq(x, ζ, t,m1,m2) = −H q¯(−x, ζ, t,m2,m1). (20)
In the above equation, the masses get reversed in s¯ quark
case due to the on-shell mass effect. In other words, when
the quark (antiquark) case is taken into account m1(m2)
is considered to be on-shell, where m1(m2) denotes the
mass of u quark (s¯ quark). On the other hand, if we con-
sider the antiquark as an active parton and quark as the
spectator, the conditions described in Eq. (19) should re-
main the same, however, the antiquark momentum will
now be given as k⊥1 = −k⊥ and longitudinal momentum
fraction by active antiquark as x1 = −x. In that case,
the quark spectator momentum and longitudinal momen-
tum fraction are taken to be k⊥2 = k⊥ and x2 = 1 + x
respectively.
In the LCQM, the expressions of GPD H(x, ζ, t) of u
and s¯ quarks for kaon in DGLAP regions are expressed
as
H(u) =
∫
d2k⊥
16pi3
[
k2⊥ −
(1− x)2
1− ζ2
∆2⊥
4
− ζ(1− x)
1− ζ2 (kx∆x + ky∆y) +M
′
uM′′u
]
ϕ∗u(x
′′,k′′⊥)ϕu(x
′,k′⊥)√
k′′2⊥ + l′′2u
√
k′2⊥ + l′2u
, (21)
H(s¯) = −
∫
d2k⊥
16pi3
[
k2⊥ −
(1 + x)2
1− ζ2
∆2⊥
4
− ζ(1 + x)
1− ζ2 (kx∆x + ky∆y) +M
′
s¯M′′s¯
]
ϕ∗s¯(x
′′,k′′⊥)ϕs¯(x
′,k′⊥)√
k′′2⊥ + l
′′2
s¯
√
k′2⊥ + l
′2
s¯
. (22)
Here, we have
M′u =
1− x
1 + ζ
m1 +
x+ ζ
1 + ζ
m2, M′′u =
1− x
1− ζ m1 +
x− ζ
1− ζ m2, (23)
M′s¯ =
1 + x
1 + ζ
m2 +
−x+ ζ
1 + ζ
m1, M′′s¯ =
1 + x
1− ζ m2 +
−x− ζ
1− ζ m1, (24)
l′2u =
1− x
1 + ζ
m21 +
x+ ζ
1 + ζ
m22 −
(1− x)(x+ ζ)
(1 + ζ)2
(m1 −m2)2, (25)
l′′2u =
1− x
1− ζ m
2
1 +
x− ζ
1− ζ m
2
2 −
(1− x)(x− ζ)
(1− ζ)2 (m1 −m2)
2, (26)
l′2s¯ =
1 + x
1 + ζ
m22 +
−x+ ζ
1 + ζ
m21 −
(1 + x)(ζ − x)
(1 + ζ)2
(m2 −m1)2, (27)
l′′2s¯ =
1 + x
1− ζ m
2
2 +
−x− ζ
1− ζ m
2
1 +
(1 + x)(x+ ζ)
(1− ζ)2 (m2 −m1)
2. (28)
There are primarily four parameters used in the cal-
culations: mass of u quark m1 = 0.25 GeV , mass of s¯
m2 = 0.5 GeV (with the u quark being on-shell), the
harmonic scale constant β = 0.393 GeV and the normal-
ization constant A = 74.2. Using these parameters, we
have calculated the unpolarized GPDsH(x, ζ, t) of kaon’s
valence partons corresponding to the u and s¯ quarks for
the case when skewedness is non-zero i.e. ζ 6= 0. First of
all, we have fixed the value of ζ as 0.1 and 0.3 and have
shown the variation of u and s¯ GPDs w.r.t x for different
values of momentum transfer −t in Fig. 1(a) and (b).
We observe that the peak of distribution for the u quark
shifts towards higher values of x by when the momentum
transfer to the final state (−t) of kaon increases. The
magnitude however ceases down with the increase in the
magnitude of momentum transfer. In general, the distri-
bution peaks depend on the momentum transfer to the
kaon in the longitudinal direction. Higher the longitu-
dinal momentum transfer, more is the concentration of
quark distributions at the higher longitudinal momentum
fraction carried by the active quark or antiquark. Similar
effect can be seen for s¯ quark case, where the exception
lies in the magnitude and polarity. The reason behind the
change in magnitude and polarity is the heavier mass of
strange quark. The relation between the flavor decom-
position of kaon is given in Eq. (20) and it is clear tha
due to heavy mass, the momentum transfer effect is less
in case of s¯ quark distribution as compared to that in the
6u quark. It is observed that the distribution is maximum
when the quark longitudinal momentum fraction and to-
tal momentum transfer are lower. Further, it can be seen
that, at x → 1, the distribution does not depend on the
values of t. This is because at x → 1, the total longitu-
dinal momentum fraction is carried by the struck quark,
which was first distributed into all the valence partons in
the kaon which makes the contribution from the partons
(except the active parton) negligible. The same happens
with the active antiquark in the limit x→ −1.
In Fig. 2, we have fixed the momentum transfer
−t = 0.5 GeV 2 and presented the GPDs w.r.t x for dif-
ferent values of ζ. We observe that at a lower value of ζ,
the distribution shows a maximum peak w.r.t x, whereas
the magnitude of peak decreases as the value of ζ in-
creases. The peak also moves towards higher |x| with the
increasing values of ζ. This implies that the longitudinal
momentum fraction carried by the quark depends on the
momentum transfer in the longitudinal direction. As the
longitudinal momentum transfer increases, the concen-
tration of quarks move towards higher values longitudi-
nal momentum fraction, however, the overall magnitude
of the peak decreases.
To get a deeper understanding of the relation between
the parameters, we present the quark and antiquark dis-
tributions of kaon by fixing the value of x and observe
it as a function of −t and ζ in Fig. 3(a) and (b). Here,
it can be seen that at ζ = 0, the distribution is different
for different total momentum transferred −t to the kaon
from initial to final state. We also observe that in s¯ (u)
quark case, the distribution smoothly rises (falls) when
ζ increases.
From the discussions of Figs. 1-3, it can concluded that
the distribution H(x, ζ, t) is zero for x = ζ and x = −ζ
for the u and s¯ quarks respectively. The absence of dis-
tribution in this limit is the supportive domain of the
model for evaluating the valence quark (antiquark) dis-
tributions which is possible at only lower values of x. At
higher values of x, the sea quarks dominate and experi-
ments are being planned to extend the measurements in
this x region. Even though the evaluation of total distri-
butions includes the collective effects of valence and sea
quarks, we are ignoring the contribution coming from the
sea quarks in the present work.
IV. TRANSVERSE IMPACT-PARAMETER
DEPENDENT GPDS
We have now taken the two-dimensional Fourier trans-
formation of GPD w.r.t. transverse momentum transfer
(∆⊥), i.e. ∆⊥ → b⊥. The transverse impact param-
eter dependent quark GPD of kaon in this case can be
expressed as [14]
Hq(x, ζ, b) = 1
(2pi)2
∫
d2D⊥e−iD⊥.b⊥Hq(x, ζ, t). (29)
Here b⊥ describes the impact parameter position in
transverse direction, which comes after applying the
Fourier tranformation of GPD w.r.t. D⊥. The variable
D⊥ is because of the non-zero skewedness and is related
to ∆⊥ as
D⊥ =
P′′⊥
1− ζ −
P′⊥
1 + ζ
=
∆⊥
1− ζ2 . (30)
The valence partons of kaon located at transverse impact-
parameter position b⊥ are probed by assuming the kaon’s
initial and final state to be positioned at a fixed point
but the relative distance between them is changed by the
amount ζb⊥. In the absence of longitudinal momentum
transferred to the kaon, i.e. for ζ = 0, the Fourier trans-
form of GPD(x, 0,−∆2) provides the parton distribution
as a function of x and transverse position b⊥ [15]. We
have
q(x,b⊥) =
∫
d2∆⊥
(2pi)2
e−ib⊥.∆⊥Hq(x, 0,−∆2⊥). (31)
In Fig. 4(a) and (b), we fix the skewedness ζ =
0.2 and present the three-dimensional picture of trans-
verse impact-parameter dependent GPD H(x, ζ, b) with
respect to longitudinal momentum fraction carried by
quark (antiquark) x(−x) and the distance from the trans-
verse centre of momentum for s¯ and u quark. If we let
ourself observe H with respect to only b, we find that the
distribution is maximum at the center for both quarks.
In context of x we observe that, at the point when there is
no transverse distance from the centre the momentum of
kaon, the distribution peaks have dependence on x. The
amplitude of the peak changes with the changing values
of x. While there is no distribution of valence partons in
kaon at the higher values of b, which implies that if we
keep on increasing the transverse distance, the distribu-
tion become negligible. When we compare the distribu-
tions of s¯ and u quarks, it can be clearly seen that the
magnitude of distribution lies at a slightly higher values
of |x| for the case of s¯ as compared to that in the case
of u. On the other side, if one concentrates on the vari-
ation of H with respect to x, one can see that with the
increase in transverse position b, the distribution peak
shift towards the lower values of |x|.
Furthermore, we present the distribution H(x, ζ, b) as
a function of ζ and b⊥ in Figs. 5(a) and(b) by fixing
the value of x at −0.7 and 0.7 for s¯ and u quarks re-
spectively. We notice that the distribution peaks become
wider and the amplitude decreases at the higher values
of ζ for u quark and s¯ quark. The spread is maximum,
when the momentum transfer in the longitudinal direc-
tion is minimum. It implies that if no longitudinal mo-
mentum transfer is there, same longitudinal momentum
fraction is carried by the active parton in the initial as
well as in the final state. This leads to the maximum
spread for ζ = 0.
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GeV 2 for skewedness (a) ζ = 0.1 and (b) ζ = 0.3.
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FIG. 2: The variation of unpolarized kaon GPD H for u and s¯ quark as a function of x at constant −t = 0.5 GeV 2 and different
values of ζ = 0.05, 0.25, 0.5.
V. WIGNER DISTRIBUTIONS OF u QUARK
AND s¯ QUARK IN UNPOLARIZED KAON
The quantum phase-space distributions also known as
Wigner distributions, describe the five dimensional pic-
ture of a hadron. Specifically,it defines three momentum
and two position co-ordinates [52, 53] and is defined as
ρ[Γ](b⊥,k⊥, x, S) ≡
∫
d2∆⊥
(2pi)2
e−i∆⊥.b⊥Wˆ [Γ](∆⊥,k⊥, x, S).
(32)
In the Drell-Yan frame (∆+ = 0), the Wigner operator
or correlator Wˆ [Γ](∆⊥,k⊥, x, S) at fixed light-cone time
z+ = 0 is defined by
Wˆ [Γ](∆⊥,k⊥, x;S) =
1
2
∫
dz−d2z⊥
(2pi)3
eik·z〈
M(P ′′;S)
∣∣∣∣ψ¯(− z2
)
ΓW[− z2 , z2 ]ψ
(
z
2
)∣∣∣∣M(P ′;S)〉
∣∣∣∣∣
z+=0
,
(33)
where Γ denotes the twist-2 Dirac γ-matrices γ+,
γ+γ5, iσ
j+γ5 (j = 1 or 2, depending on the polariza-
tion direction of quark) corresponding to unpolarized,
longitudinally-polarized, transversely-polarized parton.
The initial (final) momentum state and spin of hadron
is described by P ′(P ′′) and S respectively. The sym-
bol W[− z2 , z2 ] describes the Wilson line which ensures the
SU(3) color gauge invariance of the operator Wˆ . As we
have restricted ourselves to the calculations of kaon dis-
tributions in the present work, kaon being a pseudoscalar-
meson will remain unpolarized throughout the calcula-
tions (S = 0). Therefore, spin will not be included in
Eqs (32) and (33).
By combining the different polarization configrations
of quark within the unpolarized hadron (having spin-0),
the Wigner distributions are defined as follows [61]. For
the unpolarized quark in the unpolarized hadron, we have
ρUU (b⊥,k⊥, x) = ρ[γ
+](b⊥,k⊥, x), (34)
for the longitudinally-polarized quark in the unpolarized
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FIG. 4: The 3D plots showing the variation of transverse impact-parameter dependent parton distribution H of (a) s¯ quark
and (b) u quark, with respect to x and b for a fixed value of ζ = 0.2.
hadron, we have
ρUL(b⊥,k⊥, x) = ρ[γ
+γ5](b⊥,k⊥, x), (35)
for the transversely-polarized quark in the unpolarized
hadron, we have
ρjUT (b⊥,k⊥, x) = ρ
[iσj+γ5](b⊥,k⊥, x). (36)
By using the Eq. (1) in Eq. (33), we get the
Wigner correlation operator Wˆ [Γ](∆⊥,k⊥, x) for Γ =
γ+, γ+γ5, iσ
j+γ5 in the overlap form as
Wˆ [γ
+](∆⊥,k⊥, x) =
1
16pi3
[
ψ∗↑,↑0 (x,k
′′
⊥)ψ
↑,↑
0 (x,k
′
⊥) + ψ
∗↓,↑
0 (x,k
′′
⊥)ψ
↓,↑
0 (x,k
′
⊥) + ψ
∗↑,↓
0 (x,k
′′
⊥)ψ
↑,↓
0 (x,k
′
⊥)
+ψ∗↓,↓0 (x,k
′′
⊥)ψ
↓,↓
0 (x,k
′
⊥)
]
, (37)
Wˆ [γ
+γ5](∆⊥,k⊥, x) =
1
16pi3
[
ψ∗↑,↑0 (x,k
′′
⊥)ψ
↑,↑
0 (x,k
′
⊥)− ψ∗↓,↑0 (x,k′′⊥)ψ↓,↑0 (x,k′⊥) + ψ∗↑,↓0 (x,k′′⊥)ψ↑,↓0 (x,k′⊥)
−ψ∗↓,↓0 (x,k′′⊥)ψv0(x,k′⊥)
]
, (38)
Wˆ [iσ
j+γ5](∆⊥,k⊥, x) =
1
16pi3
ij⊥
[
(−i)iψ∗↑,↑0 (x,k′′⊥)ψ↓,↑0 (x,k′⊥) + (i)iψ∗↓,↑0 (x,k′′⊥)ψ↑,↑0 (x,k′⊥)
+(−i)iψ∗↑,↓0 (x,k′′⊥)ψ↓,↓0 (x,k′⊥) + (i)iψ∗↓,↓0 (x,k′′⊥)ψ↑,↓0 (x,k′⊥)
]
. (39)
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FIG. 5: The 3D plots showing the variation of transverse impact-parameter dependent parton distribution H with respect to
ζ and b at (a) −x = 0.7 for s¯ quark and (b) at x− 0.7 for u quark.
The explicit expressions for quark Wigner distributions
in kaon using Eqs. (32), (37), (38) and (39) are given as
ρuUU (b⊥,k⊥, x) =
1
16pi3
∫
d∆xd∆y
(2pi)2
cos(∆xbx + ∆yby)
×
[
k2⊥ − (1− x)2
∆2⊥
4
+((1− x)m1 + xm2)2
]
× ϕ
†
u(x,k
′′
⊥)ϕu(x,k
′
⊥)√
k′′2⊥ + l2u
√
k′2⊥ + l2u
, (40)
ρuUL(b⊥,k⊥, x) =
1
16pi3
∫
d∆xd∆y
(2pi)2
sin(∆xbx + ∆yby)
×(1− x)(ky∆x − kx∆y)
× ϕ
†
u(x,k
′′
⊥)ϕu(x,k
′
⊥)√
k′′2⊥ + l2u
√
k′2⊥ + l2u
, (41)
ρuUT (b⊥,k⊥, x) = −
1
16pi3
∫
d∆xd∆y
(2pi)2
sin(∆xbx + ∆yby)
×((1− x)m1 + xm2)(1− x)∆y
× ϕ
†
u(x,k
′′
⊥)ϕu(x,k
′
⊥)√
k′′2⊥ + l2u
√
k′2⊥ + l2u
. (42)
The flavor decompositions of valence partons in kaon
are associated with each other through the relation
ρu(b⊥,k⊥, x,m1,m2) = −ρs¯(b⊥,−k⊥,−x,m2,m1).
(43)
The explicit expressions for Wigner distributions of an-
tiquark after implementing Eq. (43) and the conditions,
we get
ρs¯UU (b⊥,k⊥, x) = −
1
16pi3
∫
d∆xd∆y
(2pi)2
cos(∆xbx + ∆yby)
×
[
k2⊥ − (1 + x)2
∆2⊥
4
+((1 + x)m2 − xm1)2
]
× ϕ
†
s¯(x,k
′′
⊥)ϕs¯(x,k
′
⊥)√
k′′2⊥ + l
2
s¯
√
k′2⊥ + l
2
s¯
, (44)
ρs¯UL(b⊥,k⊥, x) =
1
16pi3
∫
d∆xd∆y
(2pi)2
sin(∆xbx + ∆yby)
×(1 + x)(kx∆y − ky∆x)
× ϕ
†
s¯(x,k
′′
⊥)ϕs¯(x,k
′
⊥)√
k′′2⊥ + l
2
s¯
√
k′2⊥ + l
2
s¯
, (45)
ρs¯UT (b⊥,k⊥, x) =
1
16pi3
∫
d∆xd∆y
(2pi)2
sin(∆xbx + ∆yby)
×((1 + x)m2 − xm1)(1 + x)∆y
× ϕ
†
s¯(x,k
′′
⊥)ϕs¯(x,k
′
⊥)√
k′′2⊥ + l
2
s¯
√
k′2⊥ + l
2
s¯
. (46)
Since the Wigner distributions are interpreted with ζ =
0, the initial and final state momenta and longitudinal
momentum fractions can be used by putting ζ = 0 in
Eqs. (14)-(19).
Further, we can obtain the purely transverse Wigner
distributions by integrating them over x as
ρUX(b⊥,k⊥) ≡
∫
dx ρUX(b⊥,k⊥, x), (47)
where X denotes the different polarizations of parton
(quark or antiquark) and U stands for kaon being un-
polarized. By taking certain limits, Wigner distributions
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FIG. 6: The unpolarized Wigner distribution ρUU of (i) u quark (left panel), and (ii) s¯ quark (right panel) for kaon in the
impact-parameter plane, the transverse momentum plane, and the mixed plane.
in impact-parameter plane (b⊥-plane) and the transverse
momentum plane (k⊥-plane) can be explained. In addi-
tion, the distributions in mixed plane, commonly known
as mixed probability densities ρ(bx, ky) or ρ(kx, by), can
also be explained through∫
dbydkxρUX(b⊥,k⊥) = ρUX(bx, ky), (48)
or∫
dbxdkyρUX(b⊥,k⊥) = ρUX(kx, by). (49)
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FIG. 7: The unpolarized-longitudinal Wigner distribution ρUL of (i) u quark (left panel), and (ii) s¯ quark (right panel) for
kaon in the impact-parameter plane, the transverse momentum plane, and the mixed plane.
The variables surviving in mixed distribution, which ac-
tually show the correlation between the transverse mo-
mentum and transverse co-ordinate of quark (antiquark),
are not protected by uncertainty principle. Therefore,
they are known to describe the probabilistic distribu-
tions.
In Figs. 6, 7 and 8, we present respectively the results
of Wigner distributions of unpolarized, longitudinally-
polarized and transversely-polarized u quark as well as s¯
quark in the unpolarized kaon. In our numerical calcula-
tions, the active quark (antiquark) is considered to be the
u quark (s¯ quark), and the spectator being the s¯ quark
(u quark). Corresponding to the Eqs. (40)-(42) for u and
Eqs. (44)-(46) for s¯, we plot the results in the impact-
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FIG. 8: The unpolarized-transverse Wigner distribution ρjUT of (i) u quark (left panel), and (ii) s¯ quark (right panel) for kaon
in the impact-parameter plane, the transverse momentum plane, and the mixed plane.
parameter plane, momentum plane and mixed plane. In
the impact-parameter plane, we show the the plots of
ρUU (Figs. 6(a) and (b)), ρUL (Figs. 7(a) and (b)) and
ρUT (Figs. 8(a) and (b)) by taking the fixed transverse
momentum as k⊥ = k⊥eˆy where k⊥ = 0.2 GeV . Sim-
ilarly, in the transverse momentum plane we plot ρUU
(Figs. 6(c) and (d)), ρUL (Figs. 7(c) and (d)) and ρUT
(Figs. 8(c) and (d)) by choosing the impact-parameter
co-ordinate along eˆy, i.e. b⊥ = b⊥eˆy and b⊥ = 0.4
GeV −1. Further, for the mixed plane we plot ρUU (Figs.
6(e) and (f)), ρUL (Figs. 7(e) and (f)) and ρUT (Figs.
8(e) and (f))
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From Fig. 6, where the unpolarized Wigner distribu-
tion in the impact-parameter plane, momentum plane
and mixed plane have been plotted for u quark on the
left panel and for s¯ quark on the right panel, we observe
that in the case of s¯ the distribution is more concentrated
at the center in contrast to the u quark. The distribu-
tions in both cases have opposite behavior. From Figs.
6(a) and (b), the distribution in the impact-parameter
plane for the case of s¯ does not remain circularly sym-
metric at the higher values of transverse co-ordinates of
b⊥-plane, whereas in case of u quark, it shows symme-
try. This is due to the effect of heavier mass of the active
s¯ quark. We observe that the probability of rotation
of quark (antiquark) to move in either clockwise direc-
tion or anti-clockwise direction is same. Further, in Figs.
6(c) and 6(d), the distributions ρUU are presented in the
momentum plane. The distributions in this case are ob-
served to be circularly symmetric for both u and s¯, but
the concentrations are in opposite direction. In the case
of distributions in the mixed plane ρ(bx, ky), the u and s¯
quark distributions are axially symmetric. The spread is
however, more dispersed in the case u quark as compared
to the s¯ quark. At the center i.e. at bx = ky = 0, the
probability density for u quark is maximum while in case
of s¯ quark it is minimum. The distribution ρUU is re-
lated to the unpolarized TMD f1 and unpolarized GPD
H, when integrated upon certain limits.
The results of Wigner distributions for longitudinally-
polarized quark (antiquark) in unpolarized kaon viz. ρUL
are shown in Fig. 7. In the impact-parameter plane, the
distributions show the dipole behavior and the behavior
is positive for bx > 0 for both quark and antiquark, as
shown in Fig. 7(a) and (b). However, in the transverse
momentum plane, shown in Fig. 7(c) and (d), it reverses
the direction and ρUL is positive for bx < 0. In the mixed
plane (bx, ky), we observe a quadrupole behaviour of the
distributions in both the cases with same polarities as
shown in Figs. 7(e) and (f). A positive distribution is
observed in the region where the product of bx and ky
is greater, whereas it is negative where the product is
negative. For the probability density we have
ρUL(bx, ky)
{
> 0 if bx ∗ ky > 0
< 0 if bx ∗ ky < 0 (50)
No TMD or GPD is present corresponding to ρUL. Gen-
erally, this Wigner distribution is related to orbital angu-
lar momentum (OAM), but for the pseudoscalar meson,
the net quark and antiquark spin and OAM are zero.
We plot the upolarized-transverse distribution ρjUT
of u and s¯ respectively on the left and right panel
in Fig. 8. The distribution ρjUT sheds light on the
quark/antiquark distribution when the quark is trans-
versely polarized in an unpolarized kaon. Here j de-
scribes the polarization direction of quark (antiquark).
We take the quark/antiquark polarization along x-axis.
We notice a strong correlation between the transverse
co-ordinate and the perpendicular polarization direction
of quark/antiquark. From Eqs. (42) and (46), we ob-
serve that the distribution vanishes if we consider the
quark/antiquark spin direction along the direction of
quark/antiquark transverse co-ordinate. The distribu-
tion displayed in the impact-parameter plane shows a
dipolar behavior for both quark and antiquark but with
opposite polarities. This is clear from Figs. 8(a) and
(b). Further, in the transverse momentum plane (Figs.
8(c) and (d)), ρ1UT is observed to be more focused at
the center (px = py = 0) in the case of s¯ whereas it is
more extended to the periphery in case of u quark dis-
tribution. The distribution shows a dipolar behaviour
in mixed space due to its symmetry in the momentum
plane as well as in in the impact-parameter plane. Here,
we choose the plane (kx, by) instead of (bx, ky), because
it leads to the Dirac Delta function δ(∆y) in case of ρ
j
UT ,
when the Fourier transformation is taken. ρjUT relates to
the T-odd Boer-Mulder TMD h⊥1 and T-odd GPD ET at
TMD limit and IPD limit respectively. But we are not
able to extract any TMD or GPD in the present work,
because we have not considered any gluon contribution.
VI. GENERALIZED TRANSVERSE
MOMENTUM-DEPENDENT DISTRIBUTIONS
OF u AND s¯ QUARK IN KAON
The twist-2 GTMDs related to unpolarized pseu-
doscalar meson with spin−0 are connected with Wigner
correlator or operator as [33]
Wˆ [γ
+] = F1, (51)
Wˆ [γ
+γ5] =
iij⊥k
i
⊥∆
j
⊥
M2
G˜1, (52)
Wˆ [iσ
j+γ5] =
iij⊥k
i
⊥
M
Hk1 +
iij⊥∆
i
⊥
M
H∆1 , (53)
with the anti-symmetric tensor ij⊥ = 
−+ij , 0123 = 1 and
σab = i2 [γ
a, γb]. All the leading-twist GTMDs are func-
tion of six variables and we have (x, ζ,k2⊥,k⊥.∆⊥,∆
2
⊥).
There are 4 complex-valued twist-2 GTMDs in the case
of spin-0 hadron, whereas in case of spin− 12 there are 16.
The explicit expressions of u quark GTMDs for ζ 6= 0
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in kaon are evaluated from
F
(u)
1 =
1
16pi3
[
k2⊥ − (1− x′)(1− x′′)
∆2⊥
4
+
x′′ − x′
2
(kx∆x + ky∆y) +M′uM′′u
]
× ϕ
†
u(x
′′,k′′⊥)ϕu(x
′,k′⊥)√
k′′2⊥ + l′′2u
√
k′2⊥ + l′2u
(54)
G˜
(u)
1 = −
M2
16pi3
(2− x′ − x′′)
2
× ϕ
†
u(x
′′,k′′⊥)ϕu(x
′,k′⊥)√
k′′2⊥ + l′′2u
√
k′2⊥ + l′2u
(55)
H
k(u)
1 = −
M
16pi3
[M′u −M′′u] ϕ†u(x′′,k′′⊥)ϕu(x′,k′⊥)√
k′′2⊥ + l′′2u
√
k′2⊥ + l′2u
,
(56)
H
∆(u)
1 =
M
16pi3
[
M′u
(1− x′′)
2
+M′′u
(1− x′)
2
]
× ϕ
†
u(x
′′,k′′⊥)ϕu(x
′,k′⊥)√
k′′2⊥ + l′′2u
√
k′2⊥ + l′2u
. (57)
The s¯ quark GTMDs in kaon are related to the u quark
distributions as Eqs. (20) and (43). We have
Fu(x, ζ,k2⊥,k⊥.∆⊥,∆
2
⊥,m1,m2) = −F s¯(−x, ζ,k2⊥,−k⊥.∆⊥,∆2⊥,m2,m1). (58)
The s¯ quark twist-2 GTMDs for ζ 6= 0 are explicitly
evaluated from
F
(s¯)
1 = −
1
16pi3
[
k2⊥ − (1− x′)(1− x′′)
∆2⊥
4
+
x′′ − x′
2
(kx∆x + ky∆y) +M′s¯M′′s¯
]
× ϕ
†
s¯(x
′′,k′′⊥)ϕs¯(x
′,k′⊥)√
k′′2⊥ + l
′′2
s¯
√
k′2⊥ + l
′2
s¯
, (59)
G˜
(s¯)
1 =
M2
16pi3
(2− x′ − x′′)
2
× ϕ
†
s¯(x
′′,k′′⊥)ϕs¯(x
′,k′⊥)√
k′′2⊥ + l
′′2
s¯
√
k′2⊥ + l
′2
s¯
, (60)
H
k(s¯)
1 =
M
16pi3
[M′s¯ −M′′s¯ ] ϕ†s¯(x′′,k′′⊥)ϕs¯(x′,k′⊥)√
k′′2⊥ + l
′′2
s¯
√
k′2⊥ + l
′2
s¯
,
(61)
H
∆(s¯)
1 = −
M
16pi3
[
M′s¯
(1− x′′)
2
+M′′s¯
(1− x′)
2
]
× ϕ
†
s¯(x
′′,k′′⊥)ϕs¯(x
′,k′⊥)√
k′′2⊥ + l
′′2
s¯
√
k′2⊥ + l
′2
s¯
. (62)
The details of the longitudinal momentum fractions and
transverse momenta carried by quark (antiquark) have
already been given in Section-III in the Eqs. (14)-(19).
In the present work, we have presented the quark and
antiquark GTMDs of kaon with respect to longitudinal
momentum fraction carried by quark x and antiquark
−x. We have studied two cases: (a) the variation of
GTMDs w.r.t x for ζ 6= 0 where ζ = − ∆+2P+ is the pa-
rameter corresponding to the transfer of momentum to
the kaon in longitudinal direction, ii) the variation of
GTMDs w.r.t x for ζ = 0. It is well known that the
so-called mother distributions i.e. GTMDs are reducible
to the GPDs and TMDs after suitable integrations. For
the case when ζ 6= 0, only the GPDs can be extracted
since there is no parameter corresponding to longitudinal
direction in the case of TMDs (TMDs do not include ζ
contribution).
In Fig. 9, we have presented the variation of GTMDs
of u and s¯ quarks in kaon corresponding to the Eqs. (54)-
(57) and Eqs. (59)-(62) respectively. Since, the distribu-
tions have the support interval −1 < x < 1, we restrict
ourselves in the DGLAP regions (−1 < x < −ζ) for
the antiquark and for the (ζ < x < 1) quark. In the
left panel of Fig. 9, we have plotted the u quark and s¯
quark distributions F1, G˜1, H
k
1 and H
∆
1 for fixed values
of ζ = 0.1 and ∆⊥ = 1 GeV and at different values of
k⊥ at k⊥ = 0.05, 0.2 and 0.3 GeV . In all the distribu-
tions, we observe that for both quark and antiquark the
distribution peaks shift towards the lower values of x and
the magnitude also lowers down with the increasing the
quark transverse momentum. For the cases of F1, G˜1
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and H∆1 , the effect of s¯ quark is in opposite direction
as compared to the u quark (Figs. 9(a), (c) and (g)).
The exception lies in the case of Hk1 (Figs. 9(e) and (f))
where the distributions remain negative for both quark
and antiquark in kaon. In all the cases, at x = ζ, when
the momentum fraction carried by the quark (antiquark)
is equal to the momentum transferred to the kaon in lon-
gitudinal direction, the distributions vanish. More the
longitudinal momentum transfer to the kaon, more will
be the shift in the peaks of distributions with increasing
quark (antiquark) transverse momentum. On the right
panel of Fig. 9 (Figs. 9(b), (d), (f) and (h)), the quark
(antiquark) GTMDs in kaon for ζ 6= 0 are displayed at
a constant value of k⊥ = 0.2 GeV and by varying ∆⊥.
Unlike the distributions behaviour of u and s¯ quark by
varying k⊥ and keeping ∆⊥ constant, the distribution
peaks move towards the higher values of x when the to-
tal momentum transferred to the kaon is increased. The
magnitude of distribution however decreases when the to-
tal momentum transfer to the final state of kaon is more.
Here, the magnitude of s¯ quark is less as compared to u
quark. The difference in quark and antiquark distribu-
tions shifts for ζ 6= 0 is due to the heavy on-shell mass
of active antiquark as well as the momentum transfer to
the kaon in longitudinal direction leading to the depen-
dence of mass of active quark on the distributions when
the total momentum transfer to the kaon is fixed.
In Fig. 10, we show the graphical presentation of GT-
MDs F1, G˜1, H
∆
1 for ζ = 0. For ζ = 0, the complex-
valued twist-2 GTMDs reduce to 3 in number as evident
from Eqs. (56) and (61). The distribution peaks show
the same behaviour for both u and s¯ quarks when k⊥
is varied and ∆⊥ is kept constant except for the mag-
nitudes and polarities. This implies that there are no
on-shell mass effects when the longitudinal momentum
transfer is absent. On the other hand, when the momen-
tum transfer to the kaon is varied by keeping k⊥ con-
stant, the effect on the distributions corresponding to x
remains same as for ζ 6= 0. It is known that the GTMDs
corresponding to ζ = 0 are the Fourier transformations
of Wigner distributions. Therefore, the Wigner distribu-
tion ρUU corresponds to the unpolarized GTMD F1, from
which one can evaluate the other unpolarized probabilis-
tic distributions. As G˜1 relates to ρUL, it would lead to
the spin and orbital angular momentum correlation, the
detailed description of which has been discussed in next
Section.
VII. SPIN-ORBIT CORRELATION
Following the study of spin-orbit correlation of the
quark in a proton [55, 59, 71, 72] and pion [61], we study
the spin-orbit correlation of u and s¯ quark in the kaon.
The correlation between quark spin and quark OAM is
defined in terms of an operator as [55, 59]
Cqz (b
−,b⊥, k+,k⊥) =
1
2
∫
dz−d2z⊥
(2pi)3
eik.zψ¯q
(
b− − z
−
2
,b⊥
)
γ+γ5(b⊥ × (−i←→∂ ⊥))ψq
(
b− +
z−
2
,b⊥
)
. (63)
The quark spin-orbit correlation in terms of Wigner dis-
tributions can be written as
Cqz =
∫
dxd2k⊥d2b⊥(b⊥ × k⊥)zρ[γ+γ5](b⊥,k⊥, x).
(64)
Following Eq. (35), we can write the above equation in
terms of Wigner distribution of a longitudinally polarized
quark in an unpolarized kaon as
Cqz =
∫
dxd2k⊥d2b⊥(b⊥ × k⊥)zρUL(b⊥,k⊥, x). (65)
The unpolarized-longitudinal Wigner distribution is pa-
rameterized in terms of GTMD G˜1 as,
ρUL(b⊥,k⊥, x) =
1
M2
ij⊥k
i
⊥
∂
∂bj⊥
G˜1(x, 0,k2⊥,k⊥.b⊥,b2⊥),
(66)
where
G˜1(x, 0,k2⊥,k⊥.b⊥,b2⊥) =
∫
d2∆⊥
(2pi)2
e−i∆⊥.b⊥
G˜1(x, 0,k
2
⊥,k⊥.∆⊥,∆
2
⊥).
(67)
In terms of GTMDs, the definition of quark spin-orbit
correlator is given as
Cqz =
∫
dxd2k⊥
k2⊥
M2
G˜1(x, 0,k⊥, 0, 0). (68)
The case Cz > 0 favors the alignment of quark spin
and OAM. Otherwise, for Cz < 0, it leads to the anti-
alignment of quark spin and OAM.
In Fig. 11, we have plotted the correlation Cz w.r.t the
longitudinal momentum fraction x. Here we study how
the correlation between the spin and OAM varies with
x. There seems to be a strong correlation between the s¯
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FIG. 9: The plots of GTMDs F1(x, ζ,k
2
⊥,k⊥.∆⊥,∆
2
⊥), G˜1(x, ζ,k
2
⊥,k⊥.∆⊥,∆
2
⊥), H
k
1 (x, ζ,k
2
⊥,k⊥.∆⊥,∆
2
⊥) and
H∆1 (x, ζ,k
2
⊥,k⊥.∆⊥,∆
2
⊥) for ζ = 0.1 w.r.t x for u and s¯ quarks (i) at different values of k⊥ with fixed ∆⊥ = 1 GeV
(left panel), and (ii) at different values of ∆⊥ with fixed k⊥ = 0.2 GeV (right panel).
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FIG. 10: The plots of GTMDs F1(x, 0,k
2
⊥,k⊥.∆⊥,∆
2
⊥), G˜1(x, 0,k
2
⊥,k⊥.∆⊥,∆
2
⊥) and H
∆
1 (x, 0,k
2
⊥,k⊥.∆⊥,∆
2
⊥) w.r.t x for
u and s¯ quarks (i) at different values of k⊥ with fixed ∆⊥ = 1 GeV (left panel), and (ii) at different values of ∆⊥ with fixed
k⊥ = 0.2 GeV (right panel).
quark spin and OAM near the central values of the lon-
gitudinal momentum fraction carried by s¯ quark i.e. −x.
However, for the u quark, the correlation peak is negative
and is observed at lower values of quark longitudinal mo-
mentum fraction i.e. x. When Cz is integrated upon x,
the value comes out to be C s¯z = 0.176 and C
u
z = −0.234,
which implies that the s¯ quark OAM is parallel to the
s¯ quark spin and u quark OAM is anti-parallel to the u
quark spin. If we compare these results with the previous
studies for the case of proton, it is found that the spin-
orbit correlations for u and d quarks are negative and
anti-aligned in both the cases in the light-front quark-
diquark model inspired from AdS/QCD [55, 59]. In the
light cone constituent quark model (LCCQM) and light-
cone chiral quark-soliton model (χQSM), Cz is positive
for both quarks in the case of proton [71]. Recently,
the spin-OAM correlation has been discussed for pion
in light-cone quark model, (in Ref. [61]) where they have
Cqz = −0.159 with the quark spin being anti-parallel to
the quark OAM. Our results are in line with these obser-
vations.
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FIG. 11: The spin-orbit correlation (Cz) of u quark and s¯ quark in kaon with respect to x.
VIII. SUMMARY AND CONCLUSIONS
In this paper, we have studied the various dimensional
distributions of u and s¯ quarks in kaon using the light-
cone quark model. We evaluate three-dimensional proba-
bilistic generalized parton distributions for the valence u
and s¯ quarks by considering the presence of longitudinal
momentum transferred to the kaon’s final state (ζ 6= 0).
Also, the quasi-probabilistic distributions: Wigner dis-
tributions and the mother distributions GTMDs are also
discussed for case of u and s¯ quarks in kaon. The
momentum-space wavefunction used in the present work
is associated with the BHL prescription. The parameters
used in the present work are able to give experimentally
consistent results of electromagnetic form factors. As the
support interval for the distributions is −1 < x < 1, we
chose the DGLAP regions −1 < x < −ζ and ζ < x < 1
respectively for the antiquark and quark. Here, x defines
the longitudinal momentum fraction carried by the par-
ton. For the calculations of u quark distribution, the s¯
quark is considered as spectator, and vice versa.
For the case of unpolarized GPD of quark and anti-
quark for non-zero skewedness, we study the distribution
as a function of variable x by considering different val-
ues of −t in one case and with different values of ζ in
the other case. A shift in the distribution peak is ob-
served along higher magnitudes of x when there is an in-
crease in the total momentum transfer to the kaon. The
height of the peak however decreases. We have also pre-
sented the variation of GPD as a function of x but at a
fixed −t = 0.5 and different values of ζ. We observe a
high peak at lower value ζ. Therefore, if the momentum
transfer along longitudinal direction is less, the spread is
found to be maximum. Further, we discussed the quark
and antiquark distributions at x = 0.7 and x = −0.7 as
a function of ζ for different values of −t. It is observed
that at ζ = 0 the distribution is different for different
total momentum transferred to the final state of kaon.
In all the cases we observe that the s¯ quark amplitudes
are comparatively large and in opposite direction to the
case of u quark.
The relation of impact-parameter dependent GPDs are
derived by taking the Fourier transformation of unpolar-
ized GPD and they have been studied as a function of x
and transverse distance from the center of kaon, i.e. b⊥.
We observe the absence of distribution of valence quarks
when the transverse distance from the center of kaon is
large. On the other hand, it is maximum when the trans-
verse distance is small. Another important observation
for the distribution of u and s¯ quarks is that the spread
moves towards the lower x for higher values of b⊥. The
distribution peak of s¯ quark is localized at higher values
of x as compared to u quark which is because of the heav-
ier active quark mass in case of bars quark. Further, the
3D distribution for transverse distance distribution as a
function of ζ and b⊥ at constant value of longitudinal mo-
mentum fraction x (for quark) and −x (for antiquark) is
maximum when no momentum is transferred to the final
state of kaon for both quarks. For ζ = 0, the IPDGPD
converts to give the parton distribution q(x,b⊥). The
spread is more when the antiquark longitudinal momen-
tum is higher towards negative polarities and in middle
of transverse impact-parameter. While for quark, the
spread is near the centre w.r.t. quark longitudinal mo-
mentum fraction.
Further, the transverse Wigner distributions
ρ(b⊥,k⊥) for unpolarized kaon, with the unpolar-
ized, longitudinally-polarized an transversely-polarized
composites, i.e. u quark and s¯ quark have been presented
graphically in transverse impact-parameter plane, trans-
verse momentum plane and mixed plane. For ρUU , the
distribution comes out to be circularly symmetric about
the center in b⊥ and k⊥ planes. However, in mixed
plane, the axially-symmetric distribution is observed.
The ρUL displays a dipolar distribution in b plane as well
as in k⊥ plane. The quadrupole distribution is observed
in mixed plane which is related to the spin-orbital
angular momentum correlation of partons in kaon. The
polarization direction was taken along x-axis to evaluate
ρjUT i.e. j = 1. A dipolar distribution was observed
in transverse impact-parameter plane and mixed plane
whereas a circularly symmetric distribution in transverse
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momentum plane focused at the kx = ky = 0. The
spread is more concentrated in case of s¯ which is because
of the heavy mass of strange quark in comparison of the
up quark. The polarities seem to be opposite for both
as the relation consumes the negative sign for strange
quark distributions. The exception lies in case of ρUL.
The strong correlation between the partons and kaon are
well indicated by the phase-space distributions in the
context of transverse momentum and transverse impact-
parameter co-ordinates. The probabilistic distributions
are possible to extract from the Wigner distributions
upon certain limits.
Furthermore, GTMDs related to Fourier transforma-
tion of Wigner distributions for ζ = 0 and entitled as
mother distributions, help in extracting the correspond-
ing GPDs and TMDs by applying some limits. We have
investigated the relation of unpolarized kaon GTMDs
with x at different values of k⊥ and ∆⊥ for u and s¯
quarks. There are 4 GTMDs for the case of kaon: F1, G˜1,
Hk1 and H
∆
1 . In all the observations, we get to know that
by increasing the quark (antiquark) transverse momen-
tum k⊥, the distribution peaks move backward towards
the lower values of x with a decrease in their magnitudes.
While observing the distributions corresponding to x at
different ∆⊥, the trend becomes opposite. By increasing
the momentum transfer ∆⊥, the distribution peaks move
forward towards the higher values of x while the magni-
tudes decrease. The u quark and s¯ quark distributions
have opposite polarities except for the case of Hk1 . The
distribution Hk1 become zero for ζ = 0. GTMD F1 is
related to Wigner distribution ρUU through the Fourier
transformation and further at certain limits, GPD H and
TMD f1 come into picture. There is no GPD or TMD
corresponding to ρUL and G˜1 but they are instead con-
nected to the spin-orbit correlation Cz. The values come
out to be Cz = 0.176 for s¯ quark and Cz = −0.234 for u
quark. From this it can be concluded that s¯ quark’s spin
and OAM are anti-aligned whereas u quark’s spin and
OAM are aligned to each other. Also no GPD and TMD
related to ρjUT and H
k
1 and H
∆
1 are present in this model
which is because of the absence of any gluon interaction.
To conclude, the results presented in the mss. can
perhaps be substantiated further by future measurements
for the kaon where the quark GTMDs can be extracted
through the exclusive double Drell-Yan process where the
final state must carry the two virtual photons. The GPDs
can be accessible through DVCS and DVMP processes.
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